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I. INTRODUCTION
In quantum electrodynamics (QED) a strong electromagnetic field is known to polarize the Dirac vacuum and create charged particle-antiparticle pairs. To understand the quantum vacuum influenced by an external field, one employs the effective action obtained by integrating out the field of a charged particle, which depends basically on the mass and charge of the particle in addition to the field. One prominent feature of QED action is the emergence of the imaginary part (vacuum persistence) in the presence of an electric field [1] [2] [3] , a consequence of Schwinger pair production. In fact, the Dirac vacuum in a constant electric field becomes unstable against pair production when virtual pairs can be effectively separated over one Compton wavelength at the cost of the electric potential energy for each pair. Schwinger pair production thus prohibits stable electric fields from being attained through physical processes beyond the critical limit, E C = m 2 /q, 1 the lowest limit being m 2 e /e (1.3 × 10 16 V/cm) for electrons among the known charged particles in the standard model.
However, physical processes do not prevent magnetic fields from being accumulated beyond the critical strength B C = m 2 e /e (4.4 × 10 13 G), but magnetic fields would not increase beyond another critical value B M = α(m m /m e ) 2 B C for monopole production of mass m m [4] . Magnetars, a class of neutron stars, are believed to have magnetic fields of 10 14 − 10 16 G on the surface and even higher intensity in the core [5] , and strong QED phenomena have been studied in compact stars [6] . In condensed matter physics, the effective theory for electrons and holes in an applied electromagnetic field has an analogous critical value, which is determined by the effective mass, much smaller than the rest mass. The QED analogous phenomena thus become important in graphene [7, 8] as well as dielectric materials [9] . Hence, QED actions in supercritical magnetic fields are not only a theoretical interest but also an issue of physical applications, and computing QED actions in supercritical electric fields is a theoretically intriguing issue due to the complex actions.
Computing the QED action in any electromagnetic field has been a challenging task since the seminal works on a uniform electromagnetic field by Heisenberg-Euler, Weisskopf and Schwinger [1] [2] [3] . Various methods have been developed to compute the determinants of the Dirac or Klein-Gordon operators in electromagnetic fields but applied only to a few configurations (see Refs. [10] [11] [12] [13] ). Recently, the in-out formalism based on the variational principle by Schwinger and DeWitt [14] [15] [16] has been elaborated to find the QED actions in the uniform electromagnetic field or Sauter-type electric or magnetic fields [17] [18] [19] . The scattering matrix between the out-vacuum and the in-vacuum is expressed in terms of gamma functions with complex arguments and leads to the proper-time integral [17] [18] [19] or the power series [20, 21] for QED action.
The QED Lagrangian density, simply action, in a constant magnetic or electric field is given by the proper-time integral [13] L (1) 
where κ denotes the inverse of dimensionless field strength
and the spectral function for the magnetic field is
and that for the electric field F ǫ (s) = iF β (is). The one-loop action (1) as a Laplace transformation of F κ (s)/s 2 may be used for a numerical purpose even for supercritical fields (β, ǫ ≤ 1). However, when the spectral function is expanded in a power series [22] , QED action does not converge for supercritical fields because the radius of convergence decreases to zero for higher terms, in other words, QED action is asymptotically divergent [13] . Furthermore, the exponential function in Eq. (1) plays the role of a regulator for the proper integral, so the supercritical field determines the behavior of the upper limit of the integral. To have useful expressions for supercritical fields, several methods have been employed to represent QED actions in terms of the Hurwitz zeta function [23] [24] [25] , the gamma function [26] [27] [28] , and a convergent series in constant subcritical electromagnetic fields [29] [30] [31] [32] [33] [34] [35] .
In this paper we advance an entirely new method to compute the QED action for a constant supercritical magnetic or electric field. For that purpose, we employ the in-out formalism and express the one-loop effective action in terms of the gamma function. In the previous works the gamma function has provided a representation of the proper-time integral [17] [18] [19] and also a power series [20, 21] , equivalent to the QED action (1). Now we directly use the Ramanujan formula for the gamma function [36] to express the QED action in a power series and show the equivalence with the power series of Eq. (1). We further apply the Whittaker-Watson formula [37] to obtain the QED actions for the supercritical magnetic or electric field in terms of the Hurwitz zeta function. Remarkably, our method yields the QED action without summing over Landau levels and introducing a cutoff parameter in the magnetic field and directly recovers the complex QED action in the electric field. The electromagnetic duality and the consistency between the vacuum persistence and the pair-production rate in the electric field follow as a consequence of the QED actions. The fact that all the representations of the gamma function have the same renormalization terms may shed light on the renormalization issue related to QED actions.
The organization of this paper is as follows. In Sec. II, using the gamma function representations, we find the QED action in a constant magnetic field in two different expressions: the power series (8) and the Hurwitz zeta function (12) . In Sec. III, we directly obtain the complex QED action (17) in a constant electric field in terms the Hurwitz zeta function. In Sec. IV, we discuss the physical implications and summarize the results.
II. CONSTANT MAGNETIC FIELD
In the in-out formalism by Schwinger and DeWitt [14] [15] [16] , the scattering matrix S = out|in gives the exact one-loop action
where µ K is the coefficient of the Bogoliubov transformation,â outK = µ KâinK +ν * Kb † inK , and K stands for all quantum numbers, such as the energy-momentum and spin states of the field. In a constant magnetic field the unrenormalized QED action takes the form [19] L (1) 
where σ = ±1/2 are the spin states,ω = −iω is the Wick-rotated energy, and
In Ref. [19] , an integral representation of the gamma function is used to express the QED action in the proper-time integral. We now employ other two representations of the gamma function in the QED action (5) and find the QED action in a power series and then in the Hurwitz zeta function below. First, by using the Ramanuja formula in terms of the Bernoulli numbers B k [36] ln Γ(z + 1) = z + 1 2
and performing the integral over the momentum and energy, we obtain the QED action
Note that the representation (8), a series expansion of the logarithm of gamma function (7), is equivalent to the proper-time representation (11) of Ref. [19] , an integral formulation of the logarithm of gamma function. In the above, Schwinger's subtraction scheme is employed for renormalization of the action (5) and, for instance, the energymomentum integral for spinor QED
has a UV-divergence and should be regulated away through the renormalization of the vacuum energy and the charge. However, the series (8) is asymptotically divergent [13] and thus one needs other formula for the gamma function in the region of supercritical magnetic fields β ≤ 1, which is the main motivation of this paper. Second, using the Whittaker-Watson formula [37] ln
and ln Γ(z + 1) = ln Γ(z) + ln z, the renormalized action is given in terms of the Hurwitz zeta functions
Here, ψ(z) = (dΓ(z)/dz)/Γ(z) is the psi-function, and the last terms in Eqs. (11) originate from ζ(1, z), which renormalizes the charge in Eq. (9) . Finally, by summing over the Hurwitz zeta functions [38, 39] , we obtain the renormalized action for spinor QED
The action (12) is consistent with the result from the zeta function regularization [11, 13] and recovers Eq. (8) by expanding the derivative of the Hurwitz zeta function in the weak-field limit.
III. ELECTRIC FIELD AND ELECTROMAGNETIC DUALITY
The unrenormalized QED action in a constant electric field is given by [17, 18] 
where
Note the electromagnetic duality, B = −iE, holds for the unrenormalized QED action and thereby for the renormalized one, and that the unrenormalized action (13) has the same UV divergent terms (9) with β = iǫ. By repeating the procedure for the case of magnetic field and using Eq. (7), we find the renormalized action
Note that the action (15) can be obtained by expanding the proper-time integral (1) . Second, using Eq. (10), we get the renormalized action
Finally, summing over the Hurwitz zeta functions, we obtain the complex action for spinor QED
Then, the QED action (17) leads both to the vacuum polarization
and to the vacuum persistence
With the expansion formula (20) of Refs. [40, 41] , the imaginary part equals to the vacuum persistence from the Schwinger action
An interesting result of our method is that the Hurwitz zeta function in QED action (18) may be directly reconstructed from the imaginary part (20) . Expanding the exponential functions in Eq. (20) , summing over n first in terms of the zeta functions, and using the reflection formula of the zeta function [42], we can show that
Thus, the formula in Ref.
[39] leads to the Hurwitz zeta function in the vacuum persistence (19) and thereby the complex action (17) and the vacuum polarization (18) . Note that the remaining terms, ζ(2), ǫζ(1), and ǫ 2 ζ(0), have the connection with the other terms in Eq. (19) .
IV. CONCLUSION
The power series (8) of the Heisenberg-Euler-Schwinger action (1) in the proper-time integral is asymptotically divergent and thus cannot be used for supercritical fields though the proper-time integral numerically converges for supercritical fields. However, any closed form for the proper-time integral has not been known yet. To overcome this methodological drawback, we have advanced a new method in the in-out formalism for computing QED actions suitable for supercritical magnetic and electric fields. For that purpose, we have used the QED actions [17] [18] [19] expressed by the Bogoliubov coefficients in the in-out formalism by Schwinger and DeWitt and employed the Ramanujan formula and the Whittaker-Watson formula for the gamma function. Then the QED action (12) in the magnetic field and the complex action (17) in the electric field are given by the Hurwitz zeta functions. The results of this paper are complementary to the QED actions in the proper-time integral from the same unrenormalized actions [17] [18] [19] .
Our method is different from the zeta function method [11] in that the unrenormalized QED action (5) in a magnetic field from the in-out formalism is given by a gamma function and the gamma function representation leads to the QED action (12) without summing over Landau levels and introducing a cutoff parameter for renormalization. A connection may exist between the zeta function regularization and the gamma function method in this paper, which cannot be clearly shown presently. More surprisingly, our method is still applicable to an electric field and leads to the complex QED action (17) in terms of the Hurwitz zeta function since the gamma function is well defined for a complex argument, though the zeta function regularization cannot be directly applied to unbounded motions of a charged particle in the electric field. The electromagnetic duality (E = iB) holds not only between the QED actions (12) and (17) but also between the unrenormalized actions.
